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Abstract: For a set A, let P (A) be the set of all finite subset sums of A. In
this paper, for a sequence of integers B = {1 < b1 < b2 < · · · } and 3b1 + 5 ≤
b2 ≤ 6b1 + 10, we determine the critical value for b3 such that there exists an
infinite sequence A of positive integers for which P (A) = N\B. This result shows
that we partially solve the problem of Fang and Fang [‘On an inverse problem in
additive number theory’, Acta Math. Hungar. 158(2019), 36-39].
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1 Introduction
Let N be the set of all nonnegative integers. For a sequence of integers A = {a1 <
a2 < · · · }, let
P (A) =
{∑
εiai : ai ∈ A, εi = 0 or 1,
∑
εi <∞
}
.
Here 0 ∈ P (A). In 1970, Burr [1] asked the following question: which subsets S of
N are equal to P (A) for some A? Burr showed the following result (unpublished):
Theorem A ([1]). Let B = {4 ≤ b1 < b2 < · · · } be a sequence of integers for
which bn+1 ≥ b2n for n = 1, 2, . . .. Then there exists A = {a1 < a2 < · · · } for
which P (A) = N \B.
Burr [1] ever mentioned that if B grows sufficiently rapidly, then there exists a
sequence A such that P (A) = N\B. In 1996, Hegyva´ri [5] showed some examples
that if sequence B grow slowly, then there is no sequence A for which P (A) =
N \B.
Theorem B ([5], Theorem 2). Let B = {b1 < b2 < · · · } be a sequence of integers.
Assume that for n > n0, bn+1/bn ≤
√
2 holds and B is a Sidon sequence, i.e
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bi + bj = bk + bt implies i = k; j = t or i = t; j = k. Then there is no sequence
A for which P (A) = N \B.
In 2012, Chen and Fang [2] extended Hegyva´ri’s result by elementary but not
easy argument. In 2013, Chen and Wu [3] further continued Burr’s question.
Theorem C ([3], Theorem 1). If B = {b1 < b2 < · · · } is a sequence of integers
with b1 ∈ {4, 7, 8} ∪ {b : b ≥ 11, b ∈ N}, b2 ≥ 3b1 + 5, b3 ≥ 3b2 + 3 and
bn+1 > 3bn − bn−2 for all n ≥ 3, then there exists a sequence of positive integers
A = {a1 < a2 < · · · } such that P (A) = N \B and
P (As) = [0, 2bs] \ {b1, . . . , bs, 2bs − bs−1, . . . , 2bs − b1},
where As = A ∩ [0, bs − bs−1] for all s ≥ 2.
In [3], Chen and Wu proved that these lower bounds are optimal in a sense.
Moreover, they posed the following problem:
Problem 1 ([3], Problem 1). Let B = {b1 < b2 < · · · } be a sequence of positive
integers. Let d1 = 10, d2 = 3b1 + 4, d3 = 3b2 + 2 and dn+1 = 3bn − bn−2(n ≥ 3).
If bm = dm for some m ≥ 3 and bn > dn for all n 6= m. Is it true there is no
sequence of positive integers A = {a1 < a2 < · · · } with P (A) = N \B?
Recently, we show that the answer to Problem 1 is negative for m = 3.
Theorem D ([6], Theorem 1.1). Let B = {11 ≤ b1 < b2 < · · · } be a sequence of
integers with b2 = 3b1 + 5, b3 = 3b2 + 2 and bn+1 = 3bn + 4bn−1 for all n ≥ 3.
Then there exists a sequence of positive integers A = {a1 < a2 < · · · } such that
P (A) = N \B.
With the further research of Burr’s question, many interesting problems arise.
In 2019, for b2 = 3b1 + 5, Fang and Fang [4] determined the critical value for
b3 such that there exists an infinite sequence of positive integers A for which
P (A) = N \B.
Theorem E ([4], Theorem 1.1). If A and B = {1 < b1 < b2 < · · · } are two
infinite sequences of positive integers with b2 = 3b1 + 5 such that P (A) = N \ B,
then b3 ≥ 4b1 + 6. Furthermore, there exist two infinite sequences of positive
integers A and B = {1 < b1 < b2 < · · · } with b2 = 3b1 + 5 and b3 = 4b1 + 6 such
that P (A) = N \B.
Moreover, Fang and Fang [4] posed the following problem:
Problem 2 ([4], Problem 1.2). For any b2 ≥ 3b1+5, determine the critical value
for b3 depending only on b1 and b2 such that there exists an infinite sequence A
of positive integers for which P (A) = N \B.
In this paper, we partially solve their problem:
Theorem 1.1. Let A and B = {1 < b1 < b2 < · · · } be two infinite sequences
of positive integers such that P (A) = N \ B. If 3b1 + 5 ≤ b2 ≤ 6b1 + 10, then
b3 ≥ b2 + b1 + 1.
Theorem 1.2. There exist two infinite sequences of positive integers A and B =
{b1 < b2 < · · · } with b1 ∈ {4, 7, 8} ∪ {b : b ≥ 11, b ∈ N}, 3b1 + 5 ≤ b2 ≤ 6b1 + 10
and b3 = b2 + b1 + 1 such that P (A) = N \B.
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2 Lemmas
Lemma 2.1. ([2], Lemma 1). Let A = {a1 < a2 < · · · } and B = {b1 < b2 < · · · }
be two sequences of positive integers with b1 > 1 such that P (A) = N \ B. Let
ak < b1 < ak+1. Then
P ({a1, . . . , ai}) = [0, ci], i = 1, 2, . . . , k,
where c1 = 1, c2 = 3, ci+1 = ci + ai+1(1 ≤ i ≤ k − 1), ck = b1 − 1 and ci + 1 ≥
ai+1(1 ≤ i ≤ k − 1).
Lemma 2.2. Let A = {a1 < a2 < · · · } and B = {1 < b1 < b2 < · · · } be two
sequences of positive integers such that P (A) = N \ B. Write P ({a1, . . . , ak}) =
[0, b1 − 1]. If b2 ≥ 3b1 + 5, then we have
(i) ak+1 = b1 + 1, ak+2 ≤ 2b1 + 1, ak+3 ≤ ak+2 + b1, b2 ≥ ak+3 + ak+2 + b1;
(ii) P ({a1, . . . , ak+3}) = [0, ak+3 + ak+2 + 2b1] \ {b1, ak+3 + ak+2 + b1}.
Proof. Since b1 > 1, we have a1 = 1. Let ak < b1 < ak+1. By Lemma 2.1, we have
P ({a1, . . . , ak}) = [0, b1 − 1].
Since b1 + 1 ∈ P (A) and b1 6∈ P (A), we have ak+1 = b1 + 1. Hence
P ({a1, . . . , ak+1}) = [0, 2b1] \ {b1},
and
ak+2 + P ({a1, . . . , ak+1}) = [ak+2, ak+2 + 2b1] \ {ak+2 + b1}.
If ak+2 ≥ 2b1 + 2, then 2b1 + 1 6∈ P (A) and b2 = 2b1 + 1, a contradiction. So
ak+2 ≤ 2b1 + 1 and
P ({a1, . . . , ak+2}) = [0, ak+2 + 2b1] \ {b1, ak+2 + b1}. (2.1)
Then
ak+3 + P ({a1, . . . , ak+2}) = [ak+3, ak+3 + ak+2 + 2b1] (2.2)
\ {ak+3 + b1, ak+3 + ak+2 + b1}.
If ak+3 > ak+2 + b1, then b2 = ak+2 + b1 ≤ 3b1 + 1, a contradiction. So ak+3 ≤
ak+2 + b1. Since
ak+3 ≤ ak+2 + b1 < ak+3 + b1 ≤ ak+2 + 2b1,
by (2.1) and (2.2) we have
P ({a1, . . . , ak+3}) = [0, ak+3 + ak+2 + 2b1] \ {b1, ak+3 + ak+2 + b1}.
Thus
b2 ≥ ak+3 + ak+2 + b1.
This completes the proof of Lemma 2.2.
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3 Proof of Theorem 1.1
Write b2 = 3b1 + 5 +m. Then 0 ≤ m ≤ 3b1 + 5. By Lemma 2.2(i), we have
3b1 + 5 +m = b2 ≥ ak+3 + ak+2 + b1 ≥ 2ak+2 + b1 + 1,
thus ak+2 ≤ b1 + 2 + ⌊m2 ⌋. Moreover, by Lemma 2.2(i), we have ak+2 ≤ 2b1 + 1.
Thus
ak+2 ≤ b1 + 2 +min
{⌊m
2
⌋
, b1 − 1
}
.
By Lemma 2.2(i) we know that ak+1 = b1 + 1, thus we can write
ak+2 = b1 + 2 + j, 0 ≤ j ≤ min
{⌊m
2
⌋
, b1 − 1
}
. (3.1)
Again by Lemma 2.2(i), we have
3b1 + 5 +m = b2 ≥ ak+3 + ak+2 + b1 = ak+3 + 2b1 + 2 + j,
thus
ak+3 ≤ b1 + 3 +m− j.
Moreover, by Lemma 2.2(i), we have
ak+3 ≤ ak+2 + b1 = b1 + 3 + j + b1 − 1.
For fixed 0 ≤ j ≤ min{⌊m
2
⌋
, b1 − 1
}
, let
ak+3 = b1 + 3 + j + l, 0 ≤ l ≤ min{m− 2j, b1 − 1}. (3.2)
By (3.1), (3.2) and Lemma 2.2(ii), we have
P ({a1, . . . , ak+3}) = [0, 4b1 + 5 + 2j + l] \ {b1, 3b1 + 5 + 2j + l}. (3.3)
If l + 2j = m, then by (3.3) we have
P ({a1, . . . , ak+3}) = [0, 4b1 + 5 +m] \ {b1, b2}.
So, b3 ≥ 4b1 + 6 +m = b2 + b1 + 1.
If 0 ≤ 2j + l ≤ m− 1, then
3b1 + 5 + 2j + l ≤ 3b1 + 5 +m− 1 < b2, (3.4)
ak+4 + P ({a1, . . . , ak+3}) = [ak+4, ak+4 + 4b1 + 5 + 2j + l] (3.5)
\{ak+4 + b1, ak+4 + 3b1 + 5 + 2j + l}.
If ak+4 > 3b1+5+2j+ l, then b2 = 3b1+5+2j+ l, which contradicts with (3.4).
So
ak+4 ≤ 3b1 + 5 + 2j + l.
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Case 1: ak+4 = 2b1 + 5 + 2j + l. Then ak+4 + b1 = 3b1 + 5 + 2j + l, thus
P ({a1, . . . , ak+4}) = [0, 6b1 + 10 + 4j + 2l]
\{b1, 3b1 + 5 + 2j + l, 5b1 + 10 + 4j + 2l}.
Hence
ak+5 + P ({a1, . . . , ak+4}) = [ak+5, ak+5 + 6b1 + 10 + 4j + 2l]
\{ak+5 + b1, ak+5 + 3b1 + 5 + 2j + l, ak+5 + 5b1 + 10 + 4j + 2l}.
If ak+5 > 3b1+5+2j+ l, then b2 = 3b1+5+2j+ l, which contradicts with (3.4).
So
ak+5 ≤ 3b1 + 5 + 2j + l.
Moreover, ak+5 ≥ ak+4 + 1 = 2b1 + 6 + 2j + l. Since
3b1 + 6 + 2j + l ≤ ak+5 + b1 ≤ 4b1 + 5 + 2j + l,
5b1 + 11 + 4j + 2l ≤ ak+5 + 3b1 + 5 + 2j + l ≤ 6b1 + 10 + 4j + 2l,
we have
P ({a1, . . . , ak+5}) = [0, ak+5+6b1 +10+ 4j +2l] \ {b1, ak+5 +5b1 +10+ 4j +2l}.
Hence
b2 ≥ ak+5 + 5b1 + 10 + 4j + 2l > 6b1 + 10,
a contradiction.
Case 2: ak+4 6= 2b1 + 5 + 2j + l. Then by (3.3) and (3.5), we have
P ({a1, . . . , ak+4}) = [0, ak+4 + 4b1 + 5 + 2j + l]
\ {b1, ak+4 + 3b1 + 5 + 2j + l}. (3.6)
Thus
3b1 + 5 +m = b2 ≥ ak+4 + 3b1 + 5 + 2j + l.
Hence ak+4 ≤ m− 2j − l.
If ak+4 = m− 2j − l, then
P ({a1, . . . , ak+4}) = [0, 4b1 + 5 +m] \ {b1, b2}.
So, b3 ≥ 4b1 + 6 +m = b2 + b1 + 1.
If ak+4 < m− 2j − l, then
ak+4 + 3b1 + 5 + 2j + l < 3b1 + 5 +m = b2. (3.7)
By (3.6) we have
ak+5 + P ({a1, . . . , ak+4}) = [ak+5, ak+5 + ak+4 + 4b1 + 5 + 2j + l]
\ {ak+5 + b1, ak+5 + ak+4 + 3b1 + 5 + 2j + l}. (3.8)
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If ak+5 > ak+4 + 3b1 + 5 + 2j + l, then by (3.6) and (3.8), we have
b2 = ak+4 + 3b1 + 5 + 2j + l,
which contradicts with (3.7). Thus
ak+5 ≤ ak+4 + 3b1 + 5 + 2j + l.
Subcase 2.1: ak+5+ b1 6= ak+4+3b1 +5+2j+ l, then by (3.6) and (3.8), we
have
P ({a1, . . . , ak+5}) = [0, ak+5 + ak+4 + 4b1 + 5 + 2j + l]
\ {b1, ak+5 + ak+4 + 3b1 + 5 + 2j + l}. (3.9)
If ak+5 > m− ak+4 − 2j − l, then
b2 ≥ ak+5 + ak+4 + 3b1 + 5 + 2j + l > 3b1 + 5 +m,
which contradicts with (3.7).
If ak+5 = m− ak+4 − 2j − l, then
P ({a1, . . . , ak+5}) = [0, 4b1 + 5 +m] \ {b1, b2}.
So, b3 ≥ 4b1 + 6 +m = b2 + b1 + 1.
If ak+5 < m− ak+4 − 2j − l, then
ak+5 + ak+4 + 3b1 + 5 + 2j + l < 3b1 + 5 +m = b2. (3.10)
By (3.9) we have
ak+6 + P ({a1, . . . , ak+5}) =
[
ak+6,
6∑
j=4
ak+j + 4b1 + 5 + 2j + l
]
∖{
ak+6 + b1,
6∑
j=4
ak+j + 3b1 + 5 + 2j + l
}
. (3.11)
If ak+6 > ak+5 + ak+4 + 3b1 + 5 + 2j + l, then by (3.9) and (3.11), we have
b2 = ak+5 + ak+4 + 3b1 + 5 + 2j + l,
which contradicts with (3.10). Thus
ak+6 ≤ ak+5 + ak+4 + 3b1 + 5 + 2j + l.
If ak+6 + b1 = ak+5 + ak+4 + 3b1 + 5 + 2j + l, then
P ({a1, . . . , ak+6}) = [0, 2ak+5 + 2ak+4 + 6b1 + 10 + 4j + 2l]
\ {b1, ak+5 + ak+4 + 3b1 + 5 + 2j + l, 2ak+5 + 2ak+4 + 5b1 + 10 + 4j + 2l}.
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Thus
ak+7 + P ({a1, . . . , ak+6}) =
[
ak+7, ak+7 + 2
5∑
j=4
ak+j + 6b1 + 10 + 4j + 2l
]
∖
ak+7 + b1,
7∑
j=4
j 6=6
ak+j + 3b1 + 5 + 2j + l, ak+7 + 2
5∑
j=4
ak+j + 5b1 + 10 + 4j + 2l

 .
Similar to the above discussion, we have
ak+7 ≤ ak+5 + ak+4 + 3b1 + 5 + 2j + l.
Noting that
ak+7 > ak+6 = ak+5 + ak+4 + 2b1 + 5 + 2j + l,
5∑
j=4
ak+j + 3b1 + 6 + 2j + l ≤ ak+7 + b1 ≤
5∑
j=4
ak+j + 4b1 + 5 + 2j + l,
2
5∑
j=4
ak+j + 5b1 + 11 + 4j + 2l ≤ ak+7 +
5∑
j=4
ak+j + 3b1 + 5 + 2j + l,
ak+7 +
5∑
j=4
ak+j + 3b1 + 5 + 2j + l ≤ 2
5∑
j=4
ak+j + 6b1 + 10 + 4j + 2l,
we have
P ({a1, . . . , ak+7}) =
[
0, ak+7 + 2
5∑
j=4
ak+j + 6b1 + 10 + 4j + 2l
]
∖ {
b1, ak+7 + 2
5∑
j=4
ak+j + 5b1 + 10 + 4j + 2l
}
.
Since ak+4 ≥ b1 + 4 + j + l, we have
b2 ≥ ak+7 + 2
5∑
j=4
ak+j + 5b1 + 10 + 4j + 2l > 6b1 + 10,
a contradiction.
If ak+6 + b1 6= ak+5 + ak+4 + 3b1 + 5 + 2j + l, then
P ({a1, . . . , ak+6}) =
[
0,
6∑
j=4
ak+j + 4b1 + 5 + 2j + l
]
∖{
b1,
6∑
j=4
ak+j + 3b1 + 5 + 2j + l
}
.
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Thus
b2 ≥ ak+6 + ak+5 + ak+4 + 3b1 + 5 + 2j + l > 6b1 + 10,
a contradiction.
Subcase 2.2: ak+5+ b1 = ak+4+3b1+5+2j+ l. By (3.6) and (3.8), we have
P ({a1, . . . , ak+5}) = [0, 2ak+4 + 6b1 + 10 + 4j + 2l] (3.12)
\{b1, ak+4 + 3b1 + 5 + 2j + l, 2ak+4 + 5b1 + 10 + 4j + 2l}.
Thus
ak+6 + P ({a1, . . . , ak+5}) = [ak+6, ak+6 + 2ak+4 + 6b1 + 10 + 4j + 2l] (3.13)
\{ak+6 + b1, ak+6 + ak+4 + 3b1 + 5 + 2j + l, ak+6 + 2ak+4 + 5b1 + 10 + 4j + 2l}.
If ak+6 > ak+4 + 3b1 + 5 + 2j + l, then
b2 = ak+4 + 3b1 + 5 + 2j + l,
which contradicts with (3.7). Thus
ak+6 ≤ ak+4 + 3b1 + 5 + 2j + l.
Noting that
ak+6 > ak+5 = ak+4 + 2b1 + 5 + 2j + l,
ak+4 + 3b1 + 6 + 2j + l ≤ ak+6 + b1 ≤ ak+4 + 4b1 + 5 + 2j + l,
2ak+4+5b1+11+4j+2l ≤ ak+6+ak+4+3b1+5+2j+l ≤ 2ak+4+6b1+10+4j+2l,
by (3.12) and (3.13) we have
P ({a1, . . . , ak+6}) = [0, ak+6 + 2ak+4 + 6b1 + 10 + 4j + 2l]
\{b1, ak+6 + 2ak+4 + 5b1 + 10 + 4j + 2l}.
Since ak+4 ≥ b1 + 4 + j + l, we have
b2 ≥ ak+6 + 2ak+4 + 5b1 + 10 + 4j + 2l > 6b1 + 10,
a contradiction.
This completes the proof of Theorem 1.1.
4 Proof of Theorem 1.2
Choose b1 ∈ {4, 7, 8} ∪ {b : b ≥ 11, b ∈ N}, by the proof of [2, Theorem 1], there
exists A1 = {a1 < a2 < · · · < ak} ⊆ [1, b1 − 1] such that P (A1) = [0, b1 − 1].
Write b2 = 3b1 + 5 +m. By the proof of Theorem 1.1, we have
ak+2 = b1 + 2 + j, ak+3 = b1 + 3 + j + l,
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where
0 ≤ j ≤ min
{⌊m
2
⌋
, b1 − 1
}
, 0 ≤ l ≤ min{m− 2j, b1 − 1}. (4.1)
If 3b1 + 5 ≤ b2 ≤ 4b1 + 4, then 0 ≤ m ≤ b1 − 1. By (4.1) we have
0 ≤ j ≤
⌊m
2
⌋
, 0 ≤ l ≤ m− 2j.
Choose j = 0 and l = m. That is,
ak+2 = b1 + 2, ak+3 = b1 + 3 +m. (4.2)
If 4b1 + 5 ≤ b2 ≤ 4b1 + 8, then b1 ≤ m ≤ b1 + 3. Choose
j =
⌈
m− b1 + 1
2
⌉
.
Then m− 2j ≤ b1− 1. By (4.1) we have 0 ≤ l ≤ m− 2j. Let l = m− 2j. That is,
ak+2 = b1 + 2 +
⌈
m− b1 + 1
2
⌉
, ak+3 = b1 + 3 +m−
⌈
m− b1 + 1
2
⌉
. (4.3)
By (4.2), (4.3) and Lemma 2.2(ii), we have
P ({a1, . . . , ak+3}) = [0, 4b1 + 5 +m] \ {b1, 3b1 + 5 +m}. (4.4)
Choose
ai+1 ≥ a2i (i = k + 3, k + 4, . . .). (4.5)
If 3b1 + 5 ≤ b2 ≤ 4b1 + 4, then
ak+4 ≥ (b1 + 3 +m)2 ≥ b21 + 6b1 + 9 > 4b1 + 6 +m.
If 4b1 + 5 ≤ b2 ≤ 4b1 + 8, then
ak+4 ≥
(
b1 + 3 +m−
⌈
m− b1 + 1
2
⌉)2
> b21 + 6b1 + 9 > 4b1 + 6 +m.
Hence, if 3b1 + 5 ≤ b2 ≤ 4b1 + 8, then we can choose
ak+4 > 4b1 + 6 +m.
By (4.4), we have b3 = b2 + b1 + 1.
Let A = {a1 < a2 < · · · } and B = N \ P (A). By (4.5), for i ≥ k + 3 we have
ai+1 > a1 + a2 + · · ·+ ai + 1.
So ai+1 − 1 6∈ P (A) and ai+1 − 1 ∈ B.
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If 4b1 + 9 ≤ b2 ≤ 6b1 + 10 and b2 6= 5b1 + 10, then b1 + 4 ≤ m ≤ 3b1 + 5 and
m 6= 2b1 + 5. Choose
ak+2 = b1 + 2, ak+3 = b1 + 3.
By Lemma 2.2(ii), we have
P ({a1, . . . , ak+3}) = [0, 4b1 + 5] \ {b1, 3b1 + 5}.
Choose ak+4 = m, we have
P ({a1, . . . , ak+4}) = [0, 4b1 + 5 +m] \ {b1, 3b1 + 5 +m}. (4.6)
Choose
ai+1 ≥ a2i (i = k + 4, . . .). (4.7)
By b1 ≥ 4, we have
ak+5 ≥ a2k+4 = m2 ≥ b21 + 8b1 + 16 > 4b1 + 6 +m,
thus by (4.6) we have b3 = b2 + b1 + 1.
If b2 = 5b1 + 10, then m = 2b1 + 5. Choose j = 0, l = 1, that is,
ak+2 = b1 + 2, ak+3 = b1 + 4.
By Lemma 2.2(ii), we have
P ({a1, . . . , ak+3}) = [0, 4b1 + 6] \ {b1, 3b1 + 6}.
Thus
ak+4 + P ({a1, . . . , ak+3}) = [ak+4, ak+4 + 4b1 + 6] \ {ak+4 + b1, ak+4 + 3b1 + 6}.
Choose ak+4 = 2b1 + 4 = m− 1, we have
P ({a1, . . . , ak+4}) = [0, 4b1 + 5 +m] \ {b1, 3b1 + 5 +m}. (4.8)
Choose
ai+1 ≥ a2i (i = k + 4, . . .). (4.9)
By b1 ≥ 4, we have
ak+5 ≥ a2k+4 = (m− 1)2 = 4b21 + 16b1 + 16 > 4b1 + 6 +m,
thus ak+5 > 4b1 + 6 +m. By (4.8) we have b3 = b2 + b1 + 1.
Let A = {a1 < a2 < · · · } and B = N \P (A). By (4.7) and (4.9), for i ≥ k+4
we also have
ai+1 > a1 + a2 + · · ·+ ai + 1.
So ai+1 − 1 6∈ P (A) and ai+1 − 1 ∈ B.
In all cases, we have b3 = b2 + b1 + 1 and P (A) = N \B.
This completes the proof of Theorem 1.2.
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